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Abstract 

We continue the development of a nonperturbative Ught-front Hamiltonian method for the so- 
lution of quantum field theories by considering the one-photon eigenstate of Lorentz- gauge QED. 
The photon state is computed nonperturbatively for a Fock basis with a bare photon state and 
electron-positron pair states. The calculation is regulated by the inclusion of Pauli- Villars (PV) 
fermions, with one flavor to make the integrals finite and a second flavor to guarantee a zero mass 
for the physical photon eigenstate. We compute in detail the constraints on the PV coupling 
strengths that this zero mass implies. As part of this analysis, we provide the complete Lorentz- 
gauge light-front QED Hamiltonian with two PV fermion flavors and two PV photon flavors, which 
will be useful for future work. The need for two PV photons was established previously; the need 
for two PV fermions is established here. 

PACS numbers: 12.38.Lg, 11.15.Tk, ll.lO.Gh, ll.lO.Ef 
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I. INTRODUCTION 



The nonperturbative solution of quantum field theories is a very difficult problem. For 
weakly coupled theories, this is usually avoided, and perturbation theory is applied. For 
strongly coupled theories, in particular quantum chromodynamics, the nonperturbative 
problem cannot be avoided for long. Various nonperturbative methods have been developed, 
including lattice theory [H, |2[, Dyson-Schwinger equations [s*], and light-front Hamiltonian 
approaches and have met with some success. The light-front methods have the distinct 
advantage of providing wave functions as part of the solution. The wave functions appear 
as coefficients in a Fock-state expansion for the Hamiltonian eigenstate. 



Here we continue development of a particular light-front Hamiltonian method [81414 
based on Pauli-Villars (PV) regularization [15]. Much of the recent development has been in 
QED g, Illl4l4l| , where results can be checked against perturbation theory, but which shares 



the gauge-theory nature of QCD. However, there is no expectation of being able to compete 
with perturbative QED for accuracy; any but the lowest-order Fock-space truncations require 
numerical techniques, where the accuracy is typically on the order of 1%. Thus, the method 
is not likely to compete with perturbation theory for any weakly coupled theory, but this is 
not a flaw in a method intended for strongly coupled theories. 

The previous work considered eigenstates of a fermion dressed by one or more scalar or 
vector bosons. Eventually we wish to extend the dressed-fermion calculations to include one 
or more fermion-antifermion pairs. As a first step in this direction, we consider the vacuum- 
polarization correction to the one-photon state of light-front QED. The Fock basis is then 
simply the bare photon state and the electron-positron states, plus their PV counterparts. 
This will allow us to understand how such states can be included in the dressing of an 
additional fermion. 

The PV regularization method relies upon the introduction of heavy PV fields to the 
Lagrangian. Some are assigned a negative norm, and the interaction terms are built from 
zero-norm combinations of the fundamental fields. The negative norms provide the cancel- 
lations needed to regulate perturbation theory, and we find that the nonperturbative eigen- 
value problem is then also regulated. The use of zero-norm combinations in the interactions 
eliminates [lo| the instantaneous fermion contributions 0| from the light-front Hamiltonian, 



and, in the case of a gauge theory, allows the use of gauges other than light-cone gauge [11 
We discuss these features in more detail in the next section. 

To regulate the dressed-electron problem, we used one PV Fermi field and two PV photon 
fields [l2|. One of each is sufficient to make the integral equations finite, but the second 
PV photon flavor is needed to maintain the chiral symmetry of the massless-electron limit. 
For the present calculation of a photon dressed by an electron-positron pair, the PV photon 
flavors are of no particular consequence, but we find that we need two PV fermion flavors. 
One flavor is again enough to have a finite result, and the second is needed to maintain 
a zero mass for the photon. A zero mass is not otherwise guaranteed, because the zero- 
norm fields _in^the interaction Lagrangian generate flavor-changing currents that break gauge 
invariance 
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The addition of a second PV fermion flavor to the older calculations of the dressed-electron 
state does not create any new difficulty, because we can simply take the infinite-mass limit 
for this flavor and remove it from the calculation. However, a new calculation of the dressed- 
electron state that includes electron-positron pairs will require the second PV fermion flavor. 

As higher and higher Fock sectors are included in a calculation, the number of PV fla- 
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vors should not change, in general. An exception for QED would be any Fock basis that 
includes the possibility of light-by-light scattering. The breaking of gauge invariance by the 
flavor- changing currents should ruin the usual automatic cancellation of divergences for this 
process. Additional PV fields or an explicit counterterm will be required, but we do not 
consider this further here. 

Although the number of PV flavors need not change, their coupling strengths do need to 
change as more Fock states are added [8|. The conditions of chiral symmetry for massless 
electrons and zero mass for photons, which complete the determination of these couplings, 
become complicated nonlinear equations for the coupling coefficients. These typically re- 
quire iterative techniques for their solution jsf. At one loop, the conditions can be solved 
analytically. 

The analysis is done in terms of light-cone quantization 0, 3]. The coordinates are 

= ± x^ and x± = {x^, x^), with x~^ chosen as the light-cone time coordinate and the 
three-vector of space coordinates written ). The momentum conjugate to x 

is p"*"; therefore, the light-cone three-momentum is p = {p~^,p±)- Dot products are given by 
p ■ X = ^p'^x~ — p± ■ x±. The light-cone energy is p~, and evolution in light-cone time is 
determined by the light-cone Hamiltonian V~ . The mass eigenvalue problem, in a frame 
where the total transverse momentum P± is zero, is given by V~\P} = ^\P}- 

The primary objective is the solution of this eigenvalue problem in a Fock basis, with the 
eigenstate \P) expanded in terms of the Fock states with wave functions as the coefficients. 
The eigenvalue problem becomes a coupled set of integral equations for the wave functions. 
Truncation of the basis makes the coupled system finite. At very low orders of truncation, 
the system can be solved analytically; in general, numerical techniques are required j^. 

The contents of the remainder of the paper are as follows. In Sec. [TTl we summarize the 
formulation of light-front QED in Lorentz gauge, extended to include two PV fermion flavors 
and two PV photon flavors. We then construct the photon eigenstate dressed by fluctuations 
to an electron-positron pair in Sec. IIIII and solve the eigenvalue problem to determine the 
coupling coefficients. Section |IV] contains a discussion of the results. An appendix describes 
the evaluation of a key integral. 



II. LIGHT-FRONT QED IN LORENTZ GAUGE 



The Lorentz-gauge QED Lagrangian, regulated by two PV fermion flavors and two PV 
photon flavors, is 



where 
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i=0 



j=0 



j=0 



(2.1) 



(2.2) 



A subscript of i = indicates a physical fleld, and i = 1 or 2 a PV fleld. The i = 1 flelds are 
chosen to have negative norm. The mass of the bare photon /xq is zero; the mass of the bare 
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electron mo is typically close to the physical electron mass rUe for the range of PV masses 
usually considered jsf. 

The constants (3i and control the coupling strengths of the various fields. These coupling 
coefficients must satisfy constraints for the theory to be consistent. For cq to be the bare 
charge of the bare electron, we require (3q = 1 and = 1- The cancellations necessary to 
regulate perturbation theory, which must arise in a sum over flavors of each internal line, 
require that Ylii~^y l^i^o ^^^^ ^ fermion line and X]i(~-'-)*^j^o ^ photon line. 

We therefore require 

2 2 

5^(-im = o, J2^-m^ = o. (2.3) 

i=0 i=0 

These also guarantee that the combinations ip and in (12. 2 p have zero norm. A third pair 
of constraints comes from requiring that the photon eigenstate have zero mass and that the 
mass of the electron eigenstate becomes zero when tuq is set to zero. Since the first two pairs 
of constraints imply Pi = 1 + P2 and ^1 = 1 + ^2, this third pair completes the determination 
of the coefficients by providing implicit equations for (32 and ,^2- In Sec. Illlt we seek (32] for 
discussion of (^2, see j8[. 

The fermion fields ipi are decomposed into dynamical and nondynamical parts ipt^ = K±ipi 
by the complementary projections A± = 7^7^/2 ji, T3|. The nondynamical parts satisfy the 
following constraints [i = 0,1,2), obtained from projecting the Dirac equation with A_: 

-(-l)^m,7V,+ . (2.4) 

Ordinarily, light-cone gauge {A^ = A'^ = 0) would be chosen, so that the constraint for ipi^ 
can be solved explicitly. However, for the construction of the light-front Hamiltonian, we are 
interested in only the combination ip^ = y/Piipi-. The constraint for ■?/'_ can be obtained 
from (12. 4p by first multiplying with (— 1)*a/^ and then summing over i, which yields 



id-i:- = (i7°7^) ■ (9l^+ - 7° XI 



rrii 



(2.5) 



The terms containing the photon field cancel because X]j(— 1)*A = 0. The nondynamical 
field ip- can then be constructed from a sum of that satisfy the free- fermion constraint. 
The mode expansion for the full Fermi field of the zth fiavor can be written as 
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E 



dk 



The spinors are [17 



with 





= 




/1\ 


1 
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bUk)e-'--uUk) + <-.(^)e*--^..(Ai) 

{k^ + d±- k± + I3mi)xs, 
(A;+ + d±-k±- (3mi)x-s, 



X- 



1 
72 



( \ 

1 



V-1/ 



(2.6) 

(2.7) 
(2.8) 

(2.9) 
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and the nonzero anticommutators are 

{bisik),bi,ik:)} = i-iysu'Sss'Sik-k:), 

The mode expansion for the ith photon flavor is 



(2.10) 



A 



111 



dk 



t 



Ak-x 



with the commutator 



Mk),al^{^)] = i-l)%,e^6^Jik-k:). 



(2.11) 
(2.12) 



The metric signature e'^ = (—1,1,1,1) is chosen for Gupta-Bleuler quantization [l8|, Il9 |. 
Because we do not use hght-cone gauge, there is no constraint on = A~ , and, conse- 
quently, there will be no instantaneous photon interaction term in the Hamiltonian. The 
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gauge condition d^Aifj_ = is implemented as a projection on the Fock states |l8l . |19 
discussed in ^Ji] and the next section. 

We can now construct the light-front Hamiltonian V~ . The interaction terms are deter- 
mined by the spinor matrix elements 

(2.13) 



^ --[p±- q±± ip± X g_L miTTij] 



Uis'{p)l Ujsiq) 



Uis'iph±Ujsiq) = I X' 



T / \ X ^Av^ ± W^) - ^iil^ ± i^"^)], s' = -s = =F, 
^ [p^(g' ± ie'-^^q'') + q^{p^ =F it'-^^p^)], s' = s = ±, 



p-Tq-r 

1 



p-Tq 



+ 



{rriiq^ — ■mjp^){5 ± i6 ) 



Uis'{p)l^Vjs{q) = {vjsiqh''Uis'ip)y = Uis'ipj'j^Ujsiq) 

Vis>{p)i^Vjs{q) = Uis>{p)Yujs{q) 



(2.14) 
(2.15) 

These generalize matrix elements given in [17[ to the case of unequal masses, to accommodate 
the flavor- changing currents. The Hamiltonian is then found to be 



I s—^—s, s — >— s 



mf + p\ 



i,s 

i,s 



2 I U2 



-i)%MKs{p) 
i-iydlMd^p) 



(2.16) 



dki^L±^{-iye^al{k)a,,{k) 



+ E v^Ma / dpdq[blip) [bag)vr,,2s{p,g) 

i,j,l,s,ii 

+blsiP) d]^M^^,2siP, g) + 4,-s('L)^tj,-2siP^ g) + P) 

- 4Ap) dj,siq)Vtj,2siP, Q) + djMl)Utj,-2siP, Q) - P) + ^-c} 



The vertex functions V and U are as given in 11 



ui±{p.q. 



Co Rl ■ ^± ± ip^ X + TTiiTrij + p'^q'^ 



a/IGtt 



3 p^q^\/q^ — p+ 



VI6 



p'^q'^Vq^ — p+ 

60 ± ig^) + =1= ip^ 



Co p'^ {q"^ T iq^) + q^ (p'^ ^ ip^] 



p^q^yjq^ — p~^ 



p+q+y/(p 



pi 



±eo mj{p^ ± ip^) — mi{q^ ± ig^ 



yi6 

±eo mig"' 



P^q^Vq^ — 

— ITLjP^ 



^/lQ^l3 p+q+ y/q+^p^ 
ieo TTiiq'^ — rrijp'^ 



VlQir^ p^q^ Vq^ - P~^ 
The other four vertex functions are related to these by 



^,2s{p, q) 





— p+ 


9+ 


+ P+ 




— p+ 


9+ 


+ P+ 




-g+ 


g+ 


— p+ 




-g+ 


g+ 


— p+ 



Uij,2s{qiP)\ 



-rrij, rrii- 



-rrij , mi- 



(2.17) 



(2.18) 



(2.19) 



The Hamihonian does not contain any instantaneous fermion terms [4|. They cancel be- 
tween physical and PV contributions because they are independent of the fermion mass and 
proportional to (— l)*/3i for the ith flavor. The sum over flavors then yields ^j(— l)*/3i = 0. 
This is independent of the gauge choice and does not even require a gauge theory; the 
same cancellation happens in Yukawa theory fid\. The absence of instantaneous fermion 
and instantaneous photon contributions is important for numerical calculations, where such 
four-point interactions can greatly increase the computational load and matrix storage re- 
quirements; this is partial compensation for the increase in basis size brought by the PV 
fields. 



III. DRESSED PHOTON EIGENSTATE 

We construct the Fock-state expansion for the photon eigenstate of the light-front Hamil- 
tonian. This requires some discussion of the projection that implements the gauge condi- 
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tion [12|, |19| . From the eigenvalue problem we obtain coupled equations for the Fock-state 
wave functions. We are interested in the leading vacuum-polarization contribution and, 
therefore, truncate the Fock basis to include only the bare photon state and single-fermion- 
pair states. The requirement that the physical photon eigenstate have zero mass then 
completes the determination of the fermion coupling coefficients 



A. Gauge Projection 

The gauge condition d'^Ai^ = is implemented as a projection that eliminates one linear 
combination of unphysical polarizations and leaves only a zero-norm contribution from un- 
physical polarizations that provides for the residual gauge freedom 12, 19|. Let el^\k) be 



the polarization vectors, with k the photon three-momentum and A = 0,1,2,3. They satisfy 
the orthogonality properties 

eW^e^^^') = -e%y = g,y (3.1) 
and, for the physical polarizations A = 1 and 2, 

Pe^,-^) = and n^e^^^^ = 0, (3.2) 

with n a timelike four-vector that reduces to (1, 0, 0, 0) in the frame where k± = 0. The 
annihilation operator for a particular polarization is given by 

a^\k) = -e'e^'^^^{k)a,,{k) (3.3) 

and satisfies the commutation relation 

[a^\k), = {-l)%,e'SxyS{k - M). (3.4) 

Because the positive-frequency part of the gauge condition is proportional to k^ai^ = 
{k ■ n){af^ — ap^), the condition can be implemented by the projection {af^ — af^)\ilj) = 
for all Fock states {ip)- This projection can be satisfied by building Fock states with the 
physical-polarization operators a-^^^ and a^^^ and the zero-norm combination {af'^ —cif^)/ V^- 
The zero norm guarantees that the projection condition is satisfied. It also means that the 
unphysical polarizations make no contribution to observables; they instead represent the 
residual gauge freedom of the Lorentz gauge. For the present purpose, we do not need to 
include the unphysical polarizations at all. 



B. Eigenvalue Problem 

With the truncation to at most one electron-positron pair, the Fock-state expansion for 
a photon eigenstate with polarization A = 1 or 2 and total three-momentum P is 

i^^'Ha) = E^>!'^^(^)|o) + E / dkc^M^)bi{k)d]AP-km. (3.5) 

I ijss' 

Here is the bare photon amplitude for the Ith fiavor, and C^j^^i^k) is the two-body wave 
function for an electron of fiavor i, spin s, and momentum k, and a positron of favor j, spin 
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s', and momentum P_ — k. We will work in a frame where the total transverse momentum 
P± is zero. 

This dressed photon state is to be an eigenstate of the light-front Hamiltonian with 
eigenvalue Ml/P^. Of course, for the physical photon, Ma should be zero. In terms of the 
wave functions, the eigenvalue problem becomes the following coupled set of equations: 

= (3.6) 

+ E / <'M-l)'+'VM6c^..■(i)<''(al^.'.t^S.tt.£-^;) + *•^-.^'^;U(i.£-s 

ijss' ^ 

-p^Cijss'ik) = (^—^-j-^ + pi Cij^,,{k) (3.7) 

+ J2 4{-^fVMKke\^^\P)[5s'sVg,,{k,P- k) + 6,,-sUt,,_,Ak,P- k)]. 

We can then solve explicitly for the two-body wave function, written here in terms of x = 
k+/P+, 

C,,sAk) - e 2^ ■ 

(3.8) 

Substitution into the first equation, 03.61) . and use of the vertex functions f l2.18p . yields 

Mlzl = f^^z^ + ml^^e'liMl) J^i-'^)' Vlkzl (3.9) 

k 

with rrie the physical mass of the electron and 

^ ' 87r3^^ ' ml J xil-x)[M^x{l-x)-{m^ + kl){l-x)-(m] + kl)x]' 

(3.10) 

The form given for / is explicitly for the A = 1 case; however, for A = 2, the first two 
terms in the numerator are replaced by kf + {1 — 2x)^A;|, which is actually equivalent due 
to the symmetry of the rest of the integrand with respect to the interchange of ki and ^2. 
Therefore, / need not carry a polarization label, and the eigenmasses Mi and M2 are equal, 
as one would expect. Also, the cancellations provided by the PV fermions are sufficient to 
render /(M^) finite. 



C. Analytic Solution 

The remaining equation, (13. 9p . is a 3 x 3 matrix eigenvalue problem 

Hz^ = — f^, (3.11) 

mi 
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where = {zq,z^,Z2)'^ and 

H=\ vmHM') fxi/mi-uiM^) vmnM') . (3.12) 

When the bare photon mass no is zero, the determinant of H is 

detH = ^o^I{M^). (3.13) 

Therefore, the physical photon eigenstate has zero mass, within the given truncated Fock 
basis, if and only if J(0) is zero. This provides the condition for determination of the coupling 
coefficient (32- 

The integrals in /(O) are simple enough to permit its analytic evaluation. This is presented 
in the Appendix, with the result that 

= (3.14) 

with the lij given in (lA6p . 

To use /(O) = to find (32, we replace (3o = 1 and /3i = 1 + /32, and take advantage of the 
symmetry lij = Iji, to write /(O) = as 

Joo + 111 - 2/oi + 2(/n + Io2 - loi - /i2)/32 + {hi + I22 - 11x2)^1 = 0. (3.15) 

The two roots of this quadratic equation are plotted in Fig. [T] as functions of the P V masses 
mi and m2, with the bare electron mass set to a typical value for the dressed-electron 
problem [8|. The range in mi is taken up to the point where the earlier calculations were done 
for the dressed-electron state [s]; the value of m2 is fixed in ratio to mi. The eventual choices 
of the root and of the 7712/ mi ratio will be determined by optimization of the numerical 
calculation. Ideally, the root and the ratio will not be too large; a large root would mean 
large couplings for the PV particles, and a large ratio would make m2 yet another mass scale 
in the problem. 

The main point here is the existence of values of m2 and P2 for which the mass of the 
photon eigenstate is zero. Also, since /32 = is not a root, the addition of the second PV 
fermion fiavor is necessary to restore the zero mass. For calculations in QED that include 
a single electron-positron pair in the basis, with no photons in the same Fock state, the 
analytic results given here provide the value to use for (32- 



IV. SUMMARY 

We have shown that the addition of a second PV fermion fiavor is sufficient to restore 
the physical photon eigenstate to zero mass. The photon self-energy induced by vacuum 
polarization is thus not only rendered finite by the PV regularization, but an additional 
finite correction can also be made by adjusting the coupling coefficients of the PV fermions. 
For the simplest Fock-state basis, we have computed explicitly the coupling coefficients as 
functions of the electron's bare mass and the PV fermion masses; the results are illustrated 
in Fig. [H 
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FIG. 1. The coupling coefficient /32 as a function of the PV masses mi and ni2- The two possible 
values of /32 are determined by the constraint of having a zero mass for the physical photon 
eigenstate. The value used for the bare electron mass mo is 0.99me, where rrie is the physical 
electron mass. 



This analysis provides building blocks necessary for the extension of previous work on 



the dressed-electron state [8|, [llj to include electron-positron pairs. The complete Lorentz- 



gauge light-front Hamiltonian fl2.16p has been constructed and the one-photon eigenstate 
has been investigated in some detail. The issues that remain to be resolved are the vacuum- 
polarization contribution to charge renormalization and the electron-positron pair contribu- 
tion to current covariance. There are also technical issues to be addressed, associated with 
the numerical analysis of the coupled equations of the dressed-electron eigenproblem. The 
size of the calculation will be larger than the case of two-photon truncation [8| , because the 
number of PV fermion flavors will be two instead of one, but the size should still be small 
enough for the calculation to be done. 
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Appendix A: Evaluation of /(O) 

We evaluate the integral /(M^), defined in fl3.10p . for the case of M = 0. The symmetry 
of the integrand allows us to replace kf and /c| in the numerator by k\/2. The integral over 
azimuthal angle can be done immediately, to replace (Pk±^ by TTdkj_. The numerator can be 
written as 

{l-2xykl/2 + kl/2+{mi{l-x)+mjxf = [m,2(l-x)+m|x+A;5_]-x(l-x)[(mi-mj)^+2A;i]. 

(Al) 

The first bracket can be dropped, since it cancels the matching bracket in the denominator, 
leaving an integrand independent of i and j, for which the sums over i and j are zero. This 
reduces the form of /(O) to 



Further simplification comes from writing k^ = [Tnf{l — x) + m|x + k'j_] — [mf{l — x) + rrijx] 
in the numerator and again dropping the first bracket, for the same reason as before. 
The expression that we actually integrate is, then 

87r2^^ ^ '^'''J m\ {l-x)myml + xmyml + kllml' ^ ' 

ij J 

The kj_ integral yields ln[(l — x)m'f / ml + xm'j / ml + k'^/ml] evaluated at and oo; the sums 
over i and j eliminate the contributions at the upper limit. The remaining expression is 



57r 



with 

dx 



f dx 

lij = / — - {2[m'f{l — x) + m^x] — {mi — mjY] \ia.[{l — x)m'f /ml + xm^ /ml]. (A5) 
Jo 

When i = j, the integrand is trivial; when i j, we can use the transformation z = 
(1 — x)ml/ml + xm^Jml to arrive at a simple integral. The final results are 



2 '-!^ In ^ i = j 



2mi ml m'j—m'i 



mi(mj—2mi) 



1 / Ti'-A m,(mi— 2m,) i / M • / ■ 



(A6) 
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The form of 7(0) is now fully specified. 
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